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Abstract

In the present paper we shall discuss the information capacity of a Gaussian Channel through utility-
Based Channel Capacity and derive utility distribution in information theory and also have been derived
Cascaded channel through the utility distribution .The outcome holds true for every category of channels
(with or without memory, either discrete or continuous), as long as the necessary capacities are there. The
term "capacity" refers to the highest of those rates for It uses block coding for a long enough delay to
achieve arbitrarily high reliability. It should be noted that "channel capacitance" is typically defined in
two ways. The first definition uses the capacity of the channel.as the sum of the "information" that the
channel processes, where "information" is the difference between the "equivocation" at the output and the
"uncertainty" at the input. According to the second definition, which is the one we apply here, the channel
capacity is the highest "error free rate." These two definitions have been shown to be equal for specific
classes of channels (such as memory-less channels and finite state indecomposable channels). Actually,
the Fundamental Theorem of Information Theory is based on this equivalency.
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1. Introduction

C. E. Shannon [34] examined Gaussian channel for the first time in 1948 in his original
publication. According to his definition, the Gaussian channel is nothing more than a temporal
discrete alphabet channel that can be transformed into a discrete four-input channel by applying a
four-level input signal. Similar concepts are applied to transform a continuous channel into a
discrete channel in certain real-world modulation techniques. A discrete channel's primary
benefit is its simplicity in processing the output signal for error correction; yet, quantization
results in the loss of some information. Although Pinsker [26] conducted a detailed analysis of
the colored noise Gaussian channel's capacity, he provided the water-filling solution for it.

Shannon's 1948 development of channel capacity is a fundamental idea in information theory.
Although it involves a free choice of input distribution, it is a crucial indicator of channel
performance. However, in reality, a number of independent criteria for instance, financial, time,
and energy limitations may limit this option, in which case channel performance must be taken
into account. Simon (1970) examined a general technique for figuring out the channel capacity
of N cascading identical discrete memory less non-singular channels. We go over the same
method and expand on its uses when the source alphabet has both probabilities and utility.

Channel capacity refers to the maximum pace at which data may be transmitted across a channel
with an infinitely low likelihood of error. It is an inherent function of dependable communication.
Theorems of channel coding and its opposites demonstrate that the capacity C may be described
as a formula that relies on the probabilistic representations of the channels as follows:

� = max
�

� �; � (1.1)

The capacity of memory-less channels, where X is the channel input, Y is the channel output,
and � �; � is the average mutual information between X and Y, is (1.1), as demonstrated by
Shannon (1948). The limiting equation (1.1) was reached using the expression

� = lim
�

��� 1
�

� ��; �� (1.2)

If a channel with memory exists, its capacity is equal to the maximum of average mutual
information, where input is a sequence of length n and output is a comparable sequence. The
channel capacity was demonstrated by Dorbushin (1964) indicated by equation (1.2) is for
information stable channels; nevertheless, the formula (1.2) does not converse to a limit for
information unstable channels. Channels such as averages memory less, stationary regular
decomposable, and stationary non-anticipatory are examples of information unstable channels by
Verma (2023). It therefore becomes unclear if there is a comprehensive universal formula for
channel capacity that does not rely on presumptions like causality, stationary, memoryless-ness,
or information stability.A has been defined by Verdu and Han (1994). use the following general
formula to calculate channel capacity:

� = sup
�

� �; � ,
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Where � = �=1
∞ ��

�� denote as input process in the form of a sequence of finite- dimensional
distribution and � = �=1

∞ ��
�� is the corresponding output sequence of finite dimensional

distributions and � �; � is the information rate or mutual information between X and Y. Here Y
is induced by X via the channel � = �=1

∞ ��
�� where � = � ��

�� : �� → �� , It is an
arbitrary series of n-dimensional conditional output distributions from �� to�� , where A and B
stand for the input and output alphabets, respectively. The channel capacity is provided by .

1. The channel capacity is non negative i.e. � ≥ 0 because
� = ��� � �; � ≥ � �; � ≥ 0

2. � ≤ log � , ����� ��� � �; � ≤ max � � = log �

3. � ≤ log � , ����� ��� � �; � ≤ max � � = log �

4. � �; � is concave and continuous function

Discrete Channel Capacity

Think of n distinct channels in a cascade. We can presume that these channels share a similar
alphabet of m symbols as they are all required to convey the same message. The right signals are
connected to each channel. Emblem. Our assumptions are that all of the signals in a given
channel have the same duration and that the intermediate channel functions as a "maximum a-
posterior probability detector." Because the receiver needs to receive the entire signal before it
can calculate the a posteriori probabilities, under these circumstances, there will be a delay on
the ��ℎ channel of at least Ti in addition to the propagation time.
Based on the decoding process and the noise statistics for each channel,The probability that a
specific signal, say �� , will be broadcast and another, say �� , will be received is known as the
transition probabilities, and it can be determined for each channel based on the noise statistics
and the decoding process. Allow this probability can be expressed as follows for the ��ℎ channel:
� ��

��

Classification of Channel Capacity

Channel capacity given by Shannon in equation (1.11) can be classified as follows

1. Deterministic Channel:

For every i , j, that is, if Y is determined by X or, equivalently, if � �
�

= 0 for all input

distributions, or if�
��

��
= 1 �� 0.A channel illustrationis a device that takes as input X the name

of a playing card selected from a standard 52-card deck, and outputs the card's suit as � � −
� �

�
= � � = log 4 is the information processed if the card is chosen at random so that all

values of X (and thus of Y) are equally likely.
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2. Lossless Channel:

if for every input distribution � �
�

= 0 . Put differently, a lossless channel is distinguished by
the absence of transition faults because the input is dictated by the output.

3. Symmetric Channel:

If the channel matrix � ��

��
has the same set of numbers �1, �2, …. . , �� in each row, and if the

same set of numbers�1, �2, …. . , �� in each column,

For example the matrix

�1�2�3�4

�1
�2
�3

1
3
1
6
1
6

1
3
1
6
1
6

1
6
1
3
1
3

1
6
1
3
1
3

reflects channels that are symmetrical. With the exception of permutation, the channel matrix's
rows and columns are identical. The definition of a symmetric channel has the direct effect of
In this type of channel, � �

�
solely depends on the channel probabilities � ��

��
and is not

affected by the input distribution p(x).

It may be noted that if � = �� the probabilities associated with the output alphabets
�1, �2, �3, ………. , �� are � �1 , � �2 , ……. . , � �� .

Hence � �
�

= − �=1
� � �� log � ��� , ∀ � = 1,2,3, ……. , �

Therefore � �
�

= �=1
� � �� � �

�
�

For any input distribution p(x).

Cascaded Channel :

It is fairly common in practice to use cascaded channels. Since the signal shrinks, they become
essential because some waves, such as electromagnetic waves and microwave links, do not
follow the earth's curvature. When the distance grows, it becomes prohibitive. Under such
circumstances, the channel's entire design had to be divided into a series of smaller channels.
"Intermediate channel" is another name for it. A number of authors have written about how well
channels perform when they cascade with itself.
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Many authors have written on how well channels perform when they cascade with one another.
Ash (1965), Cover, and others examine the scenario of a binary symmetric channel cascading
with itself n times. Mc-Eliece (1977) and Thomas (1991). Gallager (1968) demonstrates that the
capacity reduces to zero for extended cascades of fixed channels at least as quickly as a specific
exponentially declining function. In a preliminary study published in 1955, Silverman compares
Z channels and BSCs with the same capacity and investigates which would have a larger
capacity when cascaded with itself (i.e., a cascade of length 2). Such cascades are taken into
account for the class of very noisy channels by Majani (1988), who additionally looks at the
impact of an inverter positioned in between the channels. Simon (1970) provides a calculation
for the capacity given specific presumptions.

There are significant differences between the issues of information transmission via a single
channel and information transmission over a cascade of channels. The transmitter possesses all
the information that needs to be conveyed in the first scenario. In the second scenario, however,
the information that each transmitter has access to—specifically, the information that the first
transmitter transmitted—takes the form of a collection of a posterior probability rather than a
symbol. This is true for all transmitters except the first one. Therefore, it is crucial for the
operation of cascaded channels that we anticipate the way the intermediate channel would
function.

2. Our Result:

Utility-Based Channel Capacity

Information is transferred and processed in communication systems with the intention of
achieving a particular goal—that is, a message that must be effective. The system's aim is to
achieve the goal, which implies that a logical block exists that is to be able to
differentiate between different signals' quality based on the specified criterion. These standards
for a qualitative distinction of signals are predicated on the importance, relevance, or utility of
the data that they are conveying.

Claim 2.1

Let � = �1, …, �� be a random variable with � �� and � �� ∀ � = 1, …, � be the utility and
probability based distribution such that � �� > 0 and � �� > 0 for all � and �=1

� � �� = 1� .
Then utility and probability distribution for two variables Bhakar and Hooda [ ] the weighted
channel capacity for memory less channel’s will be

� � = max
�

� �, �; �

Proof: Let � = �1, �2, ……. , �� be a random variable .let � �� ��� � �� ∀ � = 1,2, …, � be
utility and probability based distribution respectively ,where � �� > 0 ��� � �� > 0 ∀ � and

�=1
� � �� = 1� . Belis and Guiassu introduced a qualitative measures of information
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H �; � = − �=1
� ��� �� �� �� log �� �� , where �� > 0 is the utility

attached to the ith event which occurs with probability �� and they found deep application in
theory of questionnaires .the measures defined by equation

� �; � = − �=1
� �� �� ��� �� log �� ��

Was called useful information by Longo .the Shannon’s measures defined by equation

� � = − �=1
� �� ��� log �� ��

Posses very nice mathematical properties which are very useful in many fields.Therefore, the
range of the When examining its application, a measure can occasionally seem overwhelming.
This step does failing to achieve the maximum value for any ( ) i p x and failing to meet the
additivity requirement. Bhakar and Hooda (1993) suggested and defined the next two measures
of helpful information in order to get around these obstacles:

� �: �; � = �=1
� ��� �� �� �� log �� ��

�=1
� ��� �� �� ��

(2.1.1)

and for all probability distribution P and Q having attached with utility distribution U, we
propose the function:

�� �: �; � = 1
1−�

� 1 − ϕ �=1
� ��� �� ��

� �� ��
1−� ��

�=1
� ��� �� �� ��

(2.1.2)

If � � = log �, then equations (2.1.2) reduces to

� �,� �: �; � = 1
1−�

log 0 − ϕ �=1
� ��� �� ��

� �� ��
1−� ��

�=1
� ��� �� �;�

� ��

= −1
1−�

log �=1
� ��� �� ��

� �� ��
1−� ��

�=1
� ��� �� ��

� ��
,where � ≥ 1, � > 1 (2.1.3)

Which is generalized relative information measures of order � ��� � characterized and studied
by Hooda and Sharma.

If � = 1 equation (2.1.3) reduces to

�� �; � =− 1
1−�

log �=1
� ��� �� ��

� �� ��
1−� ��

�=1
� ��� �� �� ��

(2.1.4)

Which is generalized useful relative information measures of order � studied by Bhaker and
Hooda..

Corresponding to (2.1.1), the conditional useful information measure can bedefined as

��
�
�

; � =− 1
1−�

log �=1
�

�=1
� ���� ��,�� ��

� ��,�� ��
1−� ��,��

�=1
� ��� ��,�� �� ��,��

(2.1.5)
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Where ui xi, yj ��� pi xi, yj are joint utility and probability distributions of X and Y
respectively and is their conditional probability distribution.

We have

lim
�→1

��,�,� �, �; � = � �=1
� �� �� ��

� �� log �� ���

�=1
� �� �� ��

� ���
(2.1.6)

Which is generalized useful relative information measures of type-�. If j = 1,equation (2.1.6)
reduces to

� �, �; � =− �=1
� �� �� ��

� �� log �� ���

�=1
� �� �� ��

� ���
(2.1.7)

H X
Y

; U =− �=1
�

�=1
� ��� �� ,�� ��

� ��,�� log p �� ���

�=
�

�=1
� �� ��, �� ��

� �� ,����
(2.1.8)

Let �� �� �� �� = �=1
� ��� �� ,�� �� ��, �� , then we have

� �; � =− �=1
�

�=1
� ��� �� ,�� ��

� ��,�� log p ���

�=
�

�=1
� �� ��, �� ��

� ��,����
(2.1.9)

and similarly

� �; � = − �=1
�

�=1
� ��� �� ,�� ��

� ��,�� log p ���

�=
�

�=1
� �� ��, �� ��

� ��,����
(2.1.10)

and we have, ��,�,� �; � = 1
1−�

�=1
� ����

�+�−1��−1�

�=1
� ��� ��

�

�

− ��−1 �

= ��−1 �

1−�
�=1
� ����

�+�−1�

�=1
� ��� ��

�

�

− 1 (2.1.11)

For the independent distributions X and Y having U and V utilities distribution respectively, then
from equation (2.1.11)

We have from equation (2.1.11) reduces to

��,�,� = 1−�

��−1 � ��,�,� �; � + 1 = �=1
� ����

�+�−1��−1�

�=1
� ��� ��

�

�

(2.1.12)

� �. �; �. � = ��−1 �

1−�
�=1
�

�=1
� �� . �� ��,��

�+�−1
��

�=1
�

�=1
� �� . �� ��,��

�
��

�

− 1

= ��−1 �

1−�
�=1
� �� . ��

�+�−1� . �=1
� �� . ��

�+�−1�

�=1
� �� . ��

�� . �=1
� �� ��

�
�

�

− 1
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= ��−1 �

1−�
�=1
� �� . ��

�+�−1�

�=1
� �� . ��

��

�
. �=1

� �� . ��
�+�−1

�

�=1
� �� ��

��

�

− 1

= ��−1 �

1−�
1−�

��−1 � ��,�,� �; � + 1 . 1−�

��−1 � ��,�,� �; � + 1 − 1

=
��−1 �

1 − �
1 − �
��−1 �

2

��,�,� �; � . ��,�,� �; � +
1 − �
��−1 � ��,�,� �; �

+
1 − �
��−1 � ��,�,� �; � + 1 − 1

= 1−�

��−1 � ��,�,� �; � . ��,�,� �; � + ��,�,� �; � + ��,�,� �; � (2.1.13)

This is well known functional equation and that measures defined by equation non additive.

and also we have from equation (2.1.7) reduces to

H Y
X

; U =− �=1
�

�=1
� ��� �� ,�� ��

� ��,�� log p �� ���

�=
�

�=1
� �� ��, �� ��

� �� , ����
(2.1.14)

Now we consider

� �, �; � =− �=1
�

�=1
� ��� �� ,�� ��

� ��,�� log p �� ,���

�=
�

�=1
� �� ��, �� ��

� ��,����

Or

� �, �; � =− �=1
�

�=1
� ��� �� ,�� ��

� ��,�� log � �� log p
��
��

�

�=
�

�=1
� �� ��, �� ��

� ��,����

Or � �, �; � =− �=1
�

�=1
� ��� �� ,�� ��

� ��,�� log � ���

�=
�

�=1
� �� ��, �� ��

� ��,����
−

�=1
�

�=1
� ��� �� ,�� ��

� ��,�� log p
��
��

�

�=
�

�=1
� �� ��, �� ��

� ��,����

From equations (2.1.9) and (2.1.14) above equation reduces to

� �, �; � = H X; U + H Y
X

; U (2.1.15)

and similarly, we have

� �, �; � =−
�=1
�

�=1
� ��� �� ,�� ��

� ��, �� log � �� log p
��

��
�

�=
�

�=1
� �� ��, �� ��

� ��, ����
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Or

� �, �; � =− �=1
�

�=1
� ��� �� ,�� ��

� ��,�� log � ���

�=
�

�=1
� �� ��, �� ��

� ��,����
−

�=1
�

�=1
� ��� �� ,�� ��

� ��,�� log � �� log p ��
��

�

�=
�

�=1
� �� ��, �� ��

� ��,����

Or � �, �; � = H Y; U + H X
Y

; U (2.1.16)

From (2.1.15) and (2.1.16) together we have

� �, �; � = H X; U + H
Y
X

; U = H Y; U + H
X
Y

; U

Or H X; U + H Y
X

; U = H Y; U + H X
Y

; U

Or H X; U − H X
Y

; U = H Y; U − H Y
X

; U

Now, letting � = �1, �2, ……. , �� be a set of n-letter input alphabet and � = �1, �2, …. . , �� be
a set of m-letter output alphabet.Consider the probability distribution function to be p �� and
p �� , ∀ � = 1,2, …, � and � = 1,2, …. , � based on X and Y, respectively. For every i, let � ��

be the utility that corresponds to p �� . Therefore, the definition of average beneficial mutual
information is

� �, �; � = H X; U − H X
Y

; U (2.1.17)

Thus, a memory-less channel's weighted channel capacity or channel capacity with utilities is
determined by

� � = max
�

� �, �; �

Hence the proof.

Utility and Mutual Information

Claim 2.2

Let � = �1, …, �� be a set of input alphabet of source � and � = �1, …, �� be the set of output
alphabet of ��ℎ destination ��. Then relationship between the source distribution for useful
mutual information and the output state for � identical cascaded sub-channels will be

� ��, � − �=1
� ����

��� − 1 = ��

and hence � � = max � �, ��, � − 1 = �

Proof: Let � = �1, �2, ……. , �� be a set of input alphabet of source X and � = �1, �2, …. . , ��
be the set of output alphabet of ��ℎ destination �� . Let � �� , � = 1,2, …. , � and � �� , � =
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1,2, …. , n,be the probability distribution function defined on X and �� respectively. Hence, the
mutual information between source X and ��destination can be given as

� �, �� = − �=1
� � �� log � ��� − �� � � (2.2.1)

Let the transition matrix of the ��ℎ sub-channel be represented by��. Given that Ai is presumed to
be nonsingular, it must be square. Given that there are n letters to be sent, or �� , the input and
output state column vectors for the ��ℎsub-channel are � �� and � ��−1 .

� �� = ��
�� ��−1

� �0 ≈ � � , where� � represents the probability distribution vector for the source X, is also
true. The relationship betweenthe source distribution and the output state for N identical sub-
channels is

� � = �� −1 �� �� (2.2.2)

Since all ��ℎ sub-channels are assumed to be the same, the ��ℎ subscript on �� is ignored in this
case. Kerline (1966) states that � � can be written as follows if B represents �−1:

� � = �=1
� ����

���� (2.2.3)

where the appropriate Eigen vector and ��ℎEigen value of the matrix ��are denoted by �� and ��,
respectively. An analysis of the set of equations yields the coefficients ��.

If H is the column vector with ��ℎcomponent

� ��
��

= − �,�=1
� � ��

��
log � ��

��
� (2.2.4)

From equation (2.2.1) we have

� �, �� = − �=1
� ��� log � ��� − �� � � (2.2.5)

= − �=1
� � �� log � �� −� �=1

� ������
����

Assume that the utility �� is the same as the input probabilities � �� . For the N cascaded
channels, we are assuming that the utility for each sub-channel will be the same.
Next, let �� be the utility that corresponds to the input probabilities � �� . This defines the
"useful" mutual information for N identical cascaded channels. For the N cascaded channels, we
are assuming that the utility for each sub-channel will be the same.
Then, for N identical cascaded channels, the "useful" mutual information is defined as

� �, ��, � =− � ��, � + �=1
� ����

���� (2.2.6)

Where �� = − ����

So the channel capacity of N identical cascaded channels is given by
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� = max
��

� �; ��

and � ��
��

; � =− �,�=1
� �� �

��
��

log �
��
��

�

�,�=1
� ��� � ��,��

(2.2.7)

Also we know that

� �� ; � =− �=1
� �� � �� log � ���

�=1
� ��� � ��

Or
� �� ; � =− 1

� �=1
� �� � �� log � ��� (2.2.8)

Where � = �=1
� ��� � ��

For all non-negative real values of probability � �� and corresponding positive utilities �� , the
equation (2.2.6) can be considered defined. We must maximize (2.2.6) based on the requirement

�=1
� � �� = 1� . We use the Lagrange's multiplier approach and assume that the answer contains

no � �� < 0. Aside from that,
� = � �, ��, � + � �=1

� � �� − 1�

=− � ��, � + �=1
� ����

���� + � �=1
� � �� − 1�

= − 1
� �=1

� �� � �� log � ��� + �=1
� ����

���� + N �=1
� � �� − ��

= − �=1
� �� � �� log � ��� + � �=1

� ����
���� + �� �=1

� � �� − �� �

Or �=1
� �� � �� log � �� + �� − � =� � �=1

� ����
����

Where �=1
� � �� = 1�

Or � ��, � + � − 1 − �=1
� ����

���� = 0

Or � ��, � − �=1
� ����

���� = 1 + �

Hence � � = ��� = � �, ��, � = 1 + �
and this completes the proof.

Claim 2.3

For the average useful mutual information in � identical cascade channels process the
generalized logarithmic input probabilities holds the inequality

�=1
�

�=1
� ���0 �� �� �� log �� �� ≥ �=1

�
�=1
� ���� �� �0 �� log �� ������

which implies

�=1
�

�=1
� ���0 �� �� �� log �� �� ≥ �=1

�
�=1
� �� log �� ������
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and ∆� is a convex function of the input probabilities.

Proof: Let us define input distribution

�0 � = �=1
� ���� ��

and let �1, �2, ………. �� are non- negative number such that

�=1
� �� = 1� (2.3.1)

The average "useful" mutual information corresponding to �0 � will then be demonstrated to
satisfy

�0 �, ��, � ≥ �=1
� �� �, ��, �� ��

Where �� �, �, � is the average useful mutual information corresponding to input
distribution.�� � .

Let Δ� = �0 �, ��, � − �=1
� �� �, ��, �� �� (2.3.2)

We have from equations (2.2.3 ) and (2.3.1) values substituting in equations (2.3.2) ,we get

Δ� = �0 ��, � − �0
��

� , � + �=1
� �� ��, � − ��

��
� , �� �=1

� ���

= − �=1
� �� �0 �� log �0 ���

�=1
� ��� �0 ��

–�0
��

� , � + �
� �� ��, � − �=1

� ��
��

� , ��� (2.3.3)

Since �0
��

��
is the sum of the channel probabilities ��

��

��
,� = 1,2, …. . , �. Therefore, we have

�0
��

� , � =−
�,�=1
� �� �0

��

��
log �0

��

��
�

�,�=1
� ��� �0 ��, ��

=− �=1
� ��

��
� , �� (2.3.4)

From equation (2.3.3),we get

Δ� = �0 ��, � − �0
��

� , � + �=1
� �� ��, � − �=1

� ��
��

� , ���

= �0 ��, � − �0
��

� , � + �=1
� �� ��, � +� �0

��
� , �

= �0 ��, � + �=1
� �� ��, ��

= − �=1
�

�=1
� �� �0 �� log �0 ����

�=1
� ��� �0 ��

− �=1
�

�=1
� �� �� ��� log �� ���

�=1
� ��� �� ��

=− �=1
�

�=1
� �� �0 �� �� �� log �0 ���� −. �=1

�
�=1
� �� �� �� �0 ��� log �� ���

�=1
� ��� �� �� �0 ��

By the generalized Shannon’s inequality, we have
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�=1
�

�=1
� �� �0 �� �� �� log �� ���� ≥ �=1

�
�=1
� �� �� �� �0 ��� log �� ���

with equality only if �0 �� = �� �� for each j, it implies

�=1
�

�=1
� �� log �� ���� ≥ �=1

�
�=1
� ��� log �� ��� (2.3.5)

Hence (2.3.5) givesΔ� ≥ 0 , since �=1
�

�=1
� �� �� �� ≥ 0��

is always non-negative. Thus, the theorem.

Conclusion:

The channel capacity and its various forms have been covered in this paper. Additionally, we
have talked about the classification of the Discrete Memory-less channel. We have a model for
the discrete channel capacity that memory-less channel having a proven claims and utility. We
have examined the many kinds of cascaded channels in this paper. Additionally, we have
established claims and defined the channel capacity of N identical cascaded channels. Finding
the best arrangement for n randomly selected binary channels is still an unresolved challenge.
Nevertheless, we have presented a class of information theoretic problems that estimate the
channel capacity with utility and deal with channel performance in cascade.
Communication over a single channel differs from the difficulty of communication through
cascaded channels in that the transmitter in the latter scenario is fully aware of what it should
send.
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